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Abstract
QCD theory allows the existence of states which cannot be built by
the na¨ıve quark model; both theoretical arguments and experimental
data confirm the hypothesis that gluons may have freedom degrees at
the constituent level, and should be confined. In this work, we use a
phenomenological potential motivated by QCD (with some relativistic
corrections) to determine the masses and the wavefunctions of several
hybrid mesons, within the context of a constituent qq¯g model. We
compare our estimates of the masses with the predictions of other
theoretical models and with the observed masses of candidates.
1 Introduction
Quantum Chromodynamics, acknowledged as the theory of strong interac-
tions, allows that mesons containing gluons (as qq¯g hybrids) may exist. The
physical existence of these “exotic” particles (beyond the quark model) is
one of the objectives of experimental projects [1]. These programs would con-
tribute significantly to the future investigation of QCD exotics, and should
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improve our understanding of hybrid physics and on the role of the gluon in
QCD. From experimental efforts at IHEP [2], KEK [3], CERN [4] and BNL
[5], several hybrid candidates have been identified, essentially with exotic
quantum numbers JPC = 1− +.
Hybrids have been studied, using the Flux-Tube Model [6], the Quark
Model with a Constituent Gluon [7−9], the MIT Bag Model [10], the Lat-
tice Gauge Theory [11], QCD Sum Rules [12] and using Many-Body Coulomb
Gauge Hamiltonian [13]. These models predicted that the lightest hybrid me-
son will be the JPC = 1− + meson, in 1.5-2.1 GeV mass range; a charmed
hybrid meson will have a mass around 4.0 GeV , and a bottom hybrid meson
with a mass around 10.0 GeV .
We propose estimates for the masses of the hybrid mesons considering
the five (u, d, s, c and b) flavors, within the context of a Quark-Gluon Con-
stituent Model using a QCD-inspired potential and taking into account some
relativistic effects.
2 The phenomenological potential model
Although the Lagrangian of QCD is known, its theory is not able to describe
unambiguously the strong-coupling regime. In this framework, the process
requests alternative theories like Flux-Tube model, Bag model, QCD string
model, Lattice QCD, or phenomenological potential models.
The potential model is essentially motivated by the experiment, and its
wave functions are used to represent the states of the strong interaction and
to describe the hadrons. The most used is the harmonic oscillator poten-
tial, which gives very simple calculations and which is qualitatively in good
agreement with the experimental data; although its expression is not explic-
itly describing the QCD characteristics, namely the (linear) confinement and
the asymptotic freedom.
The most usual kinds of potential models are using non relativistic kine-
matics, which is convenient to the heavy flavors systems, but cannot be
suitable to the hadrons containing light flavors. In this work, we consider
relativistic systems to adjust the situation and then extend the study to such
bound states.
We introduce a model in which the gluon is considered as massive con-
stituent particle. The constituent gluon mass (mg ≃ 800 MeV ) is choosen
as an order of magnitude, taking in account the mass of the glueball candi-
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date (1.6 GeV ). Furthermore, the authors of [21] are generating constituent
quarks and gluon masses in the context of Dynamical Quark Model employ-
ing BCS vacuum, and obtained a constituent gluon mass of 800MeV . As we
will see below, the impact of the mg in the results of hybrid masses is weak
and the order of magnitude remains the same.
The Hamiltonian is constructed, containing a phenomenological potential
which reproduce the QCD characteristics; its expression has the mathemati-
cal “Coulomb + Linear” form, and we take into account also some additional
spin effects.
The basic hypothesis is to use a relativistic Schro¨dinger-type wave equation[14]:{
N∑
i=1
√
~p 2i +m
2
i + Veff
}
Ψ(~ri) = E Ψ(~ri). (1)
Another wave equation, more convenient for multiparticle systems, can
be used[15, 16]:{
N∑
i=1
(
~p 2i
2Mi
+
Mi
2
+
m2i
2Mi
)
+ Veff
}
Ψ(~ri) = E Ψ(~ri) ; (2)
where Mi are some “dynamical masses” satisfying the conditions:
∂E
∂Mi
= 0 ; (3)
Veff is the average over the color space of chromo-spatial potential
[17]:
Veff = 〈V 〉color =
〈
−
N∑
i<j=1
Fi · Fj v(rij)
〉
color
=
N∑
i<j=1
αijv(rij) ; (4)
where v(rij) is the phenomenological potential term.
For the hybrid meson, i and j representing the constituants:
i, j = 1 ≡ q
i, j = 2 ≡ q
i, j = 3 ≡ g.
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We consider all the possible
−→
Si .
−→
Sj combinations (αqq = −16 ; αqg = αqg =
3
2
).
We have chosen a QCD-motivated potential which has the form:
v(rij) = −αs
rij
+ σ rij + c ; (5)
the αs, σ, and c may be fitted by experimental data or taked from lattice
and Regge fits.
Whereas, for light quarks we should add the spin-dependent correction
represented by the (smeared) hyperfine term of Breit-Fermi interaction[18, 19]:
VS =
N∑
i<j=1
αij
8παh
3MiMj
σ3h√
π3
exp(−σ2h r2ij) Si · Sj; (6)
we neglect the tensor and spin-orbit terms which effects are supposed to be
small[14, 19].
3 The hybrid mesons
3.1 The quantum numbers
For the classification of hybrid mesons in a constituent model we will use the
notations of [8] :
lg : is the relative orbital momentum of the gluon in the qq¯ center of
mass;
l qq¯ : is the relative orbital momentum between q and q¯ ;
S qq¯ : is the total quark spin;
j g : is the total gluon angular momentum;
L : l qq¯ + j g .
Considering the gluon moving in the framework of the qq pair, the parity
of the hybrid will be:
P = P (qq) .P (g) .P (relative)
= (−)lqq+1 . (−1) . (−)lg ;
(−1) being the intrinsic parity of the gluon. Then the parity of hybrid
meson will be:
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P = (−)lqq¯+lg .
The charge conjugation is given by:
C = (−)lqq¯+Sqq¯+1 .
Some JPC states are given in Table 1 where lower sign stands for the
state with S qq¯ = 0. Our attention is taking aim essentially to the 1
− +
states, which are predicted to be the lightest hybrid states by the theoretical
models; furthermore some 1− + candidates have been observed.
Let us consider the lightest 1− + hybrid mesons: S qq¯ = 0, l qq¯ = 1 and
l g = 0, which we shall refer as the quark-excited hybrid (QE), and S qq¯ = 1,
l qq¯ = 0 and l g = 1, which we shall refer as the gluon-excited hybrid (GE).
3.2 The Hamiltonian and the wavefunctions
We have to solve the wave equation relative to the Hamiltonian:
H =
∑
i=q, q¯, g
(
~p 2i
2Mi
+
Mi
2
+
m2i
2Mi
)
+ Veff ; (7)
with, for the hybrid meson (4):
αqq¯ = −16 ;
αq¯g = αqg =
3
2
.
We define the Jacobi coordinates:
~ρ = ~rq¯ − ~rq;
~λ = ~rg − Mq~rq+Mq¯~rq¯Mq+Mq¯ .
Then, the relative Hamiltonian is given by:
HR =
~p2ρ
2µρ
+
~p2λ
2µλ
+ Veff(~ρ,~λ) +
Mq
2
+
m2q
2Mq
+
Mq¯
2
+
m2q¯
2Mq¯
+
Mg
2
+
m2g
2Mg
; (8)
with
µρ =
(
1
Mq
+ 1
Mq¯
)−1
µλ =
(
1
Mg
+ 1
Mq+Mq¯
)−1
;
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and
Veff(~ρ,~λ) = −αs

− 1
6ρ
+
3
2
1∣∣∣~λ+ ~ρ2 ∣∣∣ +
3
2
1∣∣∣~λ− ~ρ2 ∣∣∣

+ σ(−1
6
ρ+
3
2
∣∣∣∣~λ+ ~ρ2
∣∣∣∣+ 32
∣∣∣∣~λ− ~ρ2
∣∣∣∣
)
+
+
17
6
c+ VS . (9)
We have chosen to develop the spatial wave function as follows:
ψlqq¯ lg(~ρ,~λ) =
N∑
n=1
anϕ
lqq¯ lg
n (~ρ,
~λ) ; (10)
where ϕ
lqq¯ lg
n (~ρ,~λ) are the Gaussian-type functions:
ϕlqq¯ lgn (~ρ,
~λ) = ρlqq¯λlg exp
(
−1
2
n β2N
(
ρ2 + λ2
))
Ylqq¯mqq¯(Ωρ)Ylgmg(Ωλ). (11)
Thus we solve the eigenvalue problem:
Hnmam = ǫN Nnmam ;
where:
Hnm =
∫
d~ρ d~λ ϕlqq¯lgn (~ρ,
~λ)∗HR ϕ
lqq¯ lg
m (~ρ,
~λ)
Nnm =
∫
d~ρ d~λ ϕlqq¯ lgn (~ρ,
~λ)∗ϕlqq¯ lgm (~ρ,
~λ).
This process yields ǫN(βN , Mq, Mq¯, Mg) which is then minimized with
respect to parameters βN , Mq, Mq¯ and Mg.
For the potential parameters, we must distinguish between the light and
the heavy flavors.
In Table 2 we present the parameters, fitting to the low lying isovector
S-, P- and D-wave states of the light meson spectrum (except the mass of
the strange quark obtained by fitting to the mass of Kaons)[19].
In Table 3 we give the parameters fitting to JPC = 1− − (cc¯) and (bb¯)
spectrum.
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4 Hybrid mesons masses
We present in Table 4 our estimates of hybrid mesons masses for different
flavors without spin effects; we take 800 MeV for the mass of the gluon. We
compare our results with the predictions by other models.
We find the masses of the hybrid mesons larger in the GE mode than the
QE mode. Indeed, the strong force being proportional to the color charge,
the exchange of a color octet does require an important energy. Then the GE
hybrid meson will be heavier than the QE hybrid, which is lower attractive.
We note that the mass of the QE hybrid state exceeds the mass of the
corresponding orbitally excited qq meson state (which is of mass around
∼ 1.2 GeV like f1 or b1) by ∼ 0.1 GeV , the mass of the added gluon being
0.8 GeV . But we cannot consider the qq system of the qqg hybrid meson
like the corresponding meson of mass 1.2 GeV : the qq system of the excited
meson being a color singlet, and the qq system of the hybrid meson being a
color octet, the difference has an important impact on the interaction between
q and q; then the αij color coefficients (equ.4) will be different, and we have:
V(qq)1
V(qq)8
= −8.
For the orders of magnitude of the masses, our results are in good agree-
ment with the masses obtained by QCD Sum Rules[12], Lattice QCD [11],
Flux-Tube Model[6], Bag Model[10], (massless) Const. Gluon Model[9] and
with the observed masses of candidates (namely JPC = 1− + at 1.4 and 1.6
GeV ).
As menshioned above to check the impact of the gluon mass value on the
results, we have calculated hybrid mesons masses taking different values of
mg (Table 5): the order of magnitude of the hybrid mass remains the same.
5 The mixed-hybrid states and spin effects
The followed expansion representing the hybrid wave function in the cluster
approximation:
ΨJM(~ρ,~λ) =
∑
n, lqq¯ , lg
alqq¯lgn
∑
jg, L, (m), (µ)
ϕlqq¯lgn (~ρ,
~λ)eµgχ
µqq¯
Sqq¯
〈
lgmg1µg | jgMg
〉
×〈lqq¯mqq¯jgMg | Lm〉
〈
LmSqq¯µqq¯ | JM
〉
.
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For the JPC = 1− + states, restricting ourselves to the first orbital exci-
tations ( lqq¯ and lg 6 1 ) we can expand a mixing of the two modes (QE and
GE):
Ψ1− +(~ρ,~λ) ≃
N∑
n=1
aQEn ϕ
QE
n (~ρ,
~λ) +
N∑
n=1
aGEn ϕ
GE
n (~ρ,
~λ).
For the spin states we choused {|Sqq¯, sg; S〉} ( sg = 1 et S = Sqq¯ + sg ).
Numerical results
Our numerical results show that the QE-hybrid and the GE-hybrid mix
very weakly:
|1− +(uu¯g)〉 ≃ −.999 |QE〉+ .040 |GE〉 ; E ≃ 1.34 GeV
|1− +(uu¯g)〉 ≃ − |GE〉 ; E ≃ 1.72 GeV
|1− +(ss¯g)〉 ≃ −.999 |QE〉+ .050 |GE〉 ; E ≃ 1.60 GeV
|1− +(ss¯g)〉 ≃ − |GE〉 ; E ≃ 2.02 GeV
|1− +(cc¯g)〉 ≃ −.999 |QE〉 − .040 |GE〉 ; E ≃ 4.10 GeV
|1− +(cc¯g)〉 ≃ −.031 |QE〉 − .999 |GE〉 ; E ≃ 4.45 GeV
In fact these results are not altered by the spin-spin interaction and then
are true for a JPC = 1− −.
In Table 6 we present the 1− + light hybrid mesons masses calculated
within spin-spin corrections (6). Note that for the string parameter σ = 3
4
0.20
the mass of the lightest 1− + hybrid Muug do not exceed 1.56 MeV.
We note that the spin-spin terms give an < 9% correction for the light
flavors; we have neglected the L-S and tensor potential, which we suppose to
be small[14, 19]. But an explicit calculation can be made, to obtain a rigorous
result; the study will be interesting, essentially to remove the degeneracy
between the states of the Table 1.
6 Conclusion
In this work we use a QCD-motivated potential (Coulombic plus Linear) to
estimate masses of both light and heavy hybrid mesons, in the context of a
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constituent Quark-Gluon Model, taking into account the spin-spin interac-
tion effects for light hybrids. Our results are in a good agreement with the
other methods, like Lattice QCD, QCD Sum Rules, Bag Model, ... and with
the experimental candidates (1− + at 1400 , 1600 and 2000 MeV ). We find
also that 1− + hybrid mesons may exist in two weakly-mixed modes: QE
(lqq¯ = 1, lg = 0 and Sqq¯ = 0) and GE (lqq¯ = 0, lg = 1 and Sqq¯ = 1), the later
being much heavier.
A more rigorous description of the hybrid meson can be given by improv-
ing the potential, to obtain a classification of all the states in Table 1, adding
tensor terms and spin-orbit terms (which can generate a more significative
mixing between the two QE-GE modes[8]).
At this time, it is more interesting to focus essentially on the 1− + hybrid
states, taking in account the recent experimental observations of the 1− +
hybrid candidates: π1 (1400) , π1 (1600) .
Acknowledgments
We are grateful to O. Pe`ne (Laboratoire de Physique The´orique, Univ.
of Paris-sud) for extremely useful discussions. We would like to thank the
Abdus Salam International Center for Theoretical Physics, in Trieste (Italy),
for their Fellowship to visit the Center by the Associateship scheme, where
a part of this work was done.
References
[1] T. Barnes: nucl-th/9907020; M. A. Moinester and V. Steiner:
hep-ex/9801011; N. N. Achasov and G. N. Shestakov: hep-ph/9901380;
G. R. Blackett et al: hep-ex/9708032; D. Lie, H. Yu and Q.
X. Shen: hep-ph/0001063; A. V. Afanasev and A. P. Szczepaniac:
hep-ph/9910268
[2] D. Alde et al: Proc. of Hadron 97; Yu D. Prokoshin and S. A. Sadorsky:
Phys. At. Nucl. 58 (1995) 606; G. M. Beladidze et al: Phys. Lett. B313
(1993) 276; A. Zaitsev: Proc. of Hadron 97
[3] H. Aoyagi et al: Phys. Lett. B314 (1993) 246
[4] D. Alde et al, Phys. Lett. B205 (1988) 397
9
[5] D. R. Thompson et al: (E852Coll.), Phys. Rev. Lett. 79 (1997) 1630
[6] N. Isgur and J. Paton: Phys. Lett. B124 (1983) 247, Phys. Rev. D31
(1985) 2910; N. Isgur, R. Kokosky and J. Paton: Phys. Rev. Lett. 54
(1985) 869; F. E. Close and P. R. Page: Nucl. Phys. B433 (1995) 233,
Phys. Rev. D52 (1995) 1706; T. Barnes, F. E. Close and E. S. Swanson:
Phys. Rev. D52 (1995) 5242
[7] M. Tanimoto: Phys. Lett. B116 (1982) 323
[8] A. Le Yaouanc, L. Oliver, O. Pe`ne, J-C. Raynal and S. Ono: Z. Phys.
C28 (1985) 309; F. Iddir et al : Phys. Lett. B205 (1988) 564, Phys.
Lett. B207 (1988) 325
[9] Yu. S. Kalashnikova: Z. Phys. C62 (1994) 323, Proc. of Hadron 95,
Manchester (1995)
[10] T. Barnes: Caltech Ph.D. thesis (1977), unpublished, Nucl. Phys. B158,
171 (1979); T. Barnes and F. E. Close: Phys. Lett. 116B, 365 (1982);
M. Chanowitz and S. R. Sharpe: Nucl. Phys. B222, 211 (1983); T.
Barnes, F. E. Close and F. deViron: Nucl. Phys. B224, 241 (1983);
M. Flensburg, C. Peterson and L. Skold: Z. Phys. C22, 293 (1984); P.
Hasenfratz, R. R. Horgan, J. Kuti and J.-M. Richard: Phys. Lett. 95B,
299 (1980)
[11] C. Michael: hep-lat/9209014, hep-ph/9810415, hep-lat/9904013,
hep-ph/0009115, hep-ph/0101287; C. Michael and S. Perantonis: Nucl.
Phys. B347 (1990) 854; P. Boyle, P. Lacock, C. Michael and P. Row-
land: Phys.Rev. D54 (1996) 6997, Nucl. Phys. Proc. Supp. 63 (1998)
203; C. Bernard et al : Phys. Rev. D56 (1997) 7039
[12] I. I. Balitski, D. I. Dyakanov and A. V. Yang: Phys. Lett. 112B, 71
(1982), Sov. J. Nucl. Phys. 35, 761 (1982), Z. Phys. C33, 265 (1986);
J. I. Latorre, S. Narison, P. Pascual and R. Tarrach: Phys. Lett. 147B,
169 (1984); J. I. Latorre, S. Narison, P. Pascual: Z. Phys. C34, 347
(1987); S. Narison: QCD Spectral Sum Rules, Lecture Notes in Physics,
Vol.26, p.375: World Scientific 1989; J. Govaerts, F. deViron, D. Gusbin
and J. Weyers: Phys. Lett. 128B, 262 (1983), (E) Phys. Lett. 136B,
445 (1983); J. Govaerts, L. J. Reinders, H. R. Rubinstein and J. Weyers:
Nucl. Phys. B258, 215 (1985); Govaerts, L. J. Reinders and J. Weyers:
10
Nucl. Phys. B262, 575 (1985); J. Govaerts, L. J. Reinders, P. Francken,
X. Gonze and J. Weyers: Nucl. Phys. B284, 674 (1987); J. Govaerts,
F. deViron, D. Gusbin and J. Weyers: Nucl. Phys. B248, 1 (1984),
hep-ph/9903537
[13] S. R. Cotanch and F. J. Llanes-Estrada: hep-ph/0008337,
hep-ph/0009191
[14] S. Godfrey and N. Isgur: Phys. Rev. D32, 189 (1985); A. Gara et al:
Phys. Rev D40,843 (1989), D42 1651 (1990), D43, 2447 (1991); W.
Lucha et al : Phys. Rev. D44, 242 (1991), D45, 385 (1992), D46, 1088
(1992)
[15] H. G. Dosch, Yu. A. Simonov: Phys. Lett. B205, 339 (1988); Yu. A.
Simonov: Phys. Lett. B226, 151 (1989), ibid. B228, 413 (1989), Hei-
delberg Preprint HD THEP-91-5 (1991)
[16] G. Jaczko, L. Durand, Phys. Rev. D58,(114017) (1998)
[17] H. J. Lipkin: Phys. Lett. 45B, 267 (1973)
[18] S. Godfey and N. Isgur: Phys. Rev. D32, 189 (1985)
[19] E. S. Swanson: Preprint CTP#2047 (1992) submitted to Ann. Phys.
(NY)
[20] J. L. Ballot and M. Fabre de la Ripelle: Ann. Phys. 127, 62 (1980); Yu.
A. Simonov: Sov. J. Nucl. Phys. 3, 461 (1966)
[21] E. S. Swanson and A. P. Szczepaniak, hep-ph/9804219; A. P. Szczepa-
niak, E. S. Swanson, C.-R. Ji and S.R. Cotanch, Phys. Rev. Lett. 76,
2011(1996).
11
lqq¯ lg P J
C
0 0 + 0+, 1±, 2+
1 0 − 0∓, 1∓, 2∓, 3−
0 1 − 0±, 1±, 2±, 3+
Table 1: Hybrid meson quantum numbers.
σh (GeV) αh αs σ (GeV
2) c (GeV) mu = md (GeV) ms (GeV )
.70 .840 0.857 3
4
0.151 −0.4358 .375 .650
Table 2: Light flavors potential parameters[19].
αs σ (GeV
2) c (GeV) mc (GeV) mb (GeV)
0.36 0.144 −0.45 1.70 5.05
Table 3: Heavy flavors potential parameters.
model u, d s c b
Coul. + Lin.
(Our results)
lg = 0; lqq¯ = 1; QE
lg = 1; lqq¯ = 0; GE
1.31
1.70
1.57
2.00
4.09
4.45
10.34
10.81
QCD Sum Rules 1.5 1.6-1.7 4.1-5.3 10.6-11.2
Lattice QCD 1.5-1.8 2.1 4.19 10.81
Flux Tube Model 1.8-2.0 2.1-2.2 4.2-4.5 10.8-11.1
Bag Model 1.3-1.8 2.5 3.9 10.49
Massless Const. Gluon Model 1.7 2.0 4.1 10.64
Table 4: Predicted hybrid mesons masses (in GeV).
mg (GeV ) 700 800 900
uug
GE
QE
1.52
1.27
1.70
1.31
1.77
1.42
ccg
GE
QE
4.39
4.02
4.45
4.09
4.52
4.17
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Table 5. The impact of mgon the results.
uug us¯g ss¯g
S = 1 1.32 1.45 1.58 QE Mode (lqq¯ = 1; lg = 0 and Sqq¯ = 0)
S = 0 1.56 1.72 1.87
S = 1 1.69 1.84 1.99 GE Mode (lqq¯ = 0; lg = 1 and Sqq¯ = 1)
S = 2 1.75 1.89 2.04
Table 6: 1− +Light hybrid mesons masses (GeV).
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